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Abstract
Let p be a prime number, pX5; Z=ðpeÞ the integer residue ring, eX2; G ¼ f0; 1;y; p  1g:
For a sequence
%
a over Z=ðpeÞ; there is a unique decomposition
%
a ¼
%
a0 þ
%
a1 	 p þ?þ
%
ae1 	
pe1; where
%
ai be the sequence over G: Let f ðxÞ be a primitive polynomial with degree n over
Z=ðpeÞ;
%
a and
%
b sequences generated by f ðxÞ over Z=ðpeÞ;
%
aa0ðmod pe1Þ; we prove that the
distribution of zeroes in the sequence
%
ae1 ¼ ðae1ðtÞÞtX0 contains all information of the
original sequence
%
a; that is, if ae1ðtÞ ¼ 0 if and only if be1ðtÞ ¼ 0 for all tX0; then
%
a ¼
%
b: As a
consequence, we have the following results: (i) two different primitive level sequences are
linearly independent over Z=ðpÞ; (ii) for all positive integer k;
%
ake1 ¼
%
bke1 if and only if
%
a ¼
%
b:
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let p be a prime, Re ¼ Z=ðpeÞ the integer residue ring modulo pe; which is
represented as f0; 1;y; pe  1g: For more considerations on Re; please refer to [6].
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Let f ðxÞ ¼ xn þ cn1xn1 þ?þ c0 be a monic polynomial with degree nX1 over
Re: Sequence
%
a ¼ ðaðtÞÞtX0 over Re satisfying the recursion
aði þ nÞ ¼ ½c0aðiÞ þ c1aði þ 1Þ þ?þ cn1aði þ n  1Þðmod peÞ; i ¼ 0; 1; 2;y
is called a linear recurring sequence of degree n over Re; generated by f ðxÞ: We will
use the notation Gð f ðxÞ; peÞ for the set of all sequences over Re generated by f ðxÞ:
Reference [2] is a good survey paper to consider the linear recurring sequence
over Re:
Let
%
a ¼ ðaðtÞÞtX0 and
%
b ¼ ðbðtÞÞtX0 be sequences over Re and cARe; deﬁne
%
a þ
%
b ¼ ðaðtÞ þ bðtÞðmod peÞÞtX0;
c
%
a ¼ ðc 	 aðtÞðmod peÞÞtX0;
%
a 	
%
b ¼ ðaðtÞ 	 bðtÞðmod peÞÞtX0;
and deﬁne the shift operator x of sequence as x
%
a ¼ ðaðt þ 1ÞÞtX0; thus xk
%
a ¼
ðaðt þ kÞÞtX0; k ¼ 0; 1; 2;y: Then for any polynomial f ðxÞ over Re;
%
aAGð f ðxÞ; peÞ if
and only if f ðxÞ
%
a ¼
%
0: That is to say
Gð f ðxÞ; peÞ ¼ f
%
aARNe : f ðxÞ
%
a ¼
%
0Þg:
Let f ðxÞ be a monic polynomial over Z=ðpeÞ with f ð0Þc0ðmod pÞ; then there exists
a positive integer P such that f ðxÞ divides xP  1 over Z=ðpeÞ: The least such P is
called the period of f ðxÞ over Z=ðpeÞ and denoted by perð f ðxÞ; peÞ: The period of
f ðxÞ is upper bounded by pe1ðpn  1Þ; where n ¼ deg f ðxÞ:
Deﬁnition 1. Let f ðxÞ be a monic polynomial of degree n over Z=ðpeÞ; then f ðxÞ is
called a primitive polynomial if perð f ðxÞ; peÞ ¼ pe1ðpn  1Þ:
For more considerations on the primitive polynomial f ðxÞ over Z=ðpeÞ; please see
[18,8,10]. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ; then
f ðxÞðmod piÞ is also a primitive polynomial over Z=ðpiÞ; whose period is
perð f ðxÞ; piÞ ¼ pi1ðpn  1Þ; i ¼ 1; 2;y; e  1: Especially, f ðxÞðmod pÞ is a primitive
polynomial over the prime ﬁeld GFðpÞ; see [5]. Thus we have
xp
i1T  1þ pihiðxÞðmod f ðxÞÞ; i ¼ 1; 2;y; e  1; ð1Þ
where T ¼ pn  1 and hiðxÞ is a polynomial over Z=ðpeÞ of degree less than n
satisfying hiðxÞc0ðmod pÞ: Clearly, hiðxÞ is coprime with f ðxÞðmod pÞ over Z=ðpÞ:
Furthermore, we have [16,8]
1. if p ¼ 2; then h2ðxÞ ?  he1ðxÞc0ðmod 2Þ and h2ðxÞ ¼ h1ðxÞ þ
h1ðxÞ2ðmod f ðxÞÞ:
2. if pX3; then h1ðxÞ  h2ðxÞ ?  he1ðxÞc0ðmod pÞ:
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Any element a in Z=ðpeÞ has an unique p-adic decomposition as
a ¼ a0 þ a1 	 p þ?þ ae1 	 pe1;
where aiAG ¼ f0; 1;y; p  1g: Similarly, a sequence
%
a has an unique p-adic
decomposition as
%
a ¼
%
a0 þ
%
a1 	 p þ?þ
%
ae1 	 pe1;
where
%
ai is a sequence over G: The sequence
%
ai is called ith level component (or
sequence) of
%
a; and
%
ae1 the highest-level component (or sequence) of
%
a: They can be
naturally considered as the sequences over the ﬁnite ﬁeld GFðpÞ:
Let
%
a be a periodic sequence, we use the notation perð
%
aÞ for the least positive
period of
%
a: For the period of level sequences, by using the same methods in [16], we
have the following statements.
Proposition 1. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ;
%
aAGð f ðxÞ; peÞ and
T ¼ pn  1 with n ¼ deg f ðxÞ; we have
1. Sequences
%
a and
%
ae1 have the same period, that is perð
%
ae1Þ ¼ perð
%
aÞ;
2. If
%
a0 ¼
%
a1 ¼? ¼
%
ai1 ¼
%
0;
%
aia
%
0; 1pipe  1; then
perð
%
aÞ ¼ pi 	 perð f ðxÞ; peÞ ¼ pe1iT;
3. If
%
ac
%
0ðmod pÞ; then perð
%
aÞ ¼ perð f ðxÞ; peÞ ¼ pe1T and perð
%
amod piÞ ¼ pi1T ;
where 1pipe:
Proof. Please see Appendix A. &
Deﬁnition 2. Let f ðxÞ be a monic polynomial over Z=ðpeÞ and
%
aAGð f ðxÞ; peÞ: If f ðxÞ
is a primitive polynomial over Z=ðpeÞ and ac
%
0ðmod pÞ; that is
%
a0a
%
0; then
%
a is called
a primitive sequence generated by f ðxÞ over Z=ðpeÞ; and
%
ae1 the highest-level
sequence of
%
a is called a primitive level sequence.
For more considerations on
%
a and
%
ae1; see [16,9,2,10]. Huang [9] and Kuzmin,
Nechaev [4] have proposed the following injectiveness theorem which has important
cryptographic signiﬁcance, individually.
Theorem 1. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ; and
%
a;
%
bAGð f ðxÞ; peÞ;
then
%
a ¼
%
b if and only if
%
ae1 ¼
%
be1:
Remark 1. Theorem 1 implies that the highest-level sequence
%
ae1 contains all
information of the original sequence
%
a; that is, if
%
ae1 is known, then there exists an
algorithm to recover the sequence
%
a in theory.
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Let je1ðx0; x1;y; xe1Þ be a function with e variables over ﬁnite ﬁeld GFðpÞ: We
want to know whether the sequence je1ð
%
a0;
%
a1;y;
%
ae1Þ still contains all
information of
%
a as
%
ae1 in Theorem 1. If so, we say that je1ðx0; x1;y; xe1Þ is
injective. For example, je1ðx0; x1;y; xe1Þ ¼ xe1 is injective by Theorem 1.
There are many results about the issue in the case of p ¼ 2: Huang in [7] proved
that all Boolean functions of the form xe1 þ cxe2 þ Ze3ðx0; x1;y; xe3Þ are
injective. Qi in [11,15] proved those of the form xe1 þ Ze2ðx0; x1;y; xe2Þ are also
injective. Furthermore Qi in [14,11] proved almost all Boolean functions with e
variables containing xe1 are injective. And some results above were generalized to
the ones over Galois ring with characteristic 2e in [4,15].
Let je1ðx0; x1;y; xe1Þ be an injective Boolean function, there are comprehen-
sive discussions on the cryptographic signiﬁcance of the sequence
je1ð
%
a0;
%
a1;y;
%
ae1Þ in [7]. The highest-level sequence
%
ae1 has been shown in
[3,4,16,17] to have very large linear complexity. Furthermore, the results in [11–13]
about the distribution of elements of je1ð
%
a0;
%
a1;y;
%
ae1Þ show these sequences have
good pseudorandom properties. Thus je1ð
%
a0;
%
a1;y;
%
ae1Þ can be seen as a good
resource of pseudorandom sequences for the design of stream ciphers.
When p is an odd prime number, for a general function with e variables over the
ﬁnite ﬁeld GFðpÞ; it is difﬁcult to judge whether the function is injective or not.
Different from the case of p ¼ 2; there are almost no results in literature available to
the general public regarding injective functions of odd prime p: Here, we consider the
uniqueness of
%
ae1 in a new way, and reach an interesting conclusion that the
distribution of element 0 of
%
ae1 is also unique, that is, the sequence
%
a can be
uniquely determined by the distribution of element 0 of
%
ae1: The following theorem
is the main result of this paper.
Theorem 2. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ; pX5; eX2 and
%
a;
%
bAGð f ðxÞ; peÞ with
%
ac
%
0ðmod pe1Þ: If ae1ðtÞ ¼ 0 if and only if be1ðtÞ ¼ 0 for
all tX0; then
%
a ¼
%
b:
Based on Theorem 2, the following results can be got easily.
Corollary 1. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ; pX5; eX2; and
%
a;
%
bAGð f ðxÞ; peÞ with
%
ac
%
0ðmod pe1Þ: If
%
ae1a
%
be1; then
%
ae1 and
%
be1 are linearly
independent, that is,
%
ae1cl 	
%
be1ðmod pÞ for all integer l; 2plpp  1:
Corollary 2. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ; pX5; eX2; and
%
a;
%
bAGð f ðxÞ; peÞ with
%
ac
%
0ðmod pe1Þ; then
%
a ¼
%
b if and only if there is a positive
integer k such that
%
ake1 
%
bke1ðmod pÞ:
Let
%
a ¼ ðaðtÞÞtX0 and
%
b ¼ ðbðtÞÞtX0 be two periodic sequences and, P ¼
Lcmðperð
%
aÞ; perð
%
bÞÞ be the least common multiple of perð
%
aÞ and perð
%
bÞ: If aðtÞ ¼ 0
if and only if bðtÞ ¼ 0 for all integer t; 0ptoP; we say that
%
a and
%
b have the same
distribution of element 0; or simply,
%
a and
%
b are of same 0:
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The rest of this paper is arranged as follows. In Section 2, some results are given
on the distribution of elements of level sequence, which are basic tools to prove our
main result. In Section 3, we discuss in detail the uniqueness of the distribution of
zeroes of the level sequence.
2. Distribution of elements of level sequence
Lemma 1. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ with odd prime p
and eX2: Let
%
aAGð f ðxÞ; peÞ be a primitive sequence and
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ where
he1ðxÞ is defined by (1). Then the sequences
%
a0 and
%
a are both m sequences over the
prime field GFðpÞ:
Proof. Since f ðxÞ is a primitive polynomial of degree n over Z=ðpeÞ; f ðxÞðmod pÞ is
also a primitive polynomial over GFðpÞ: So the nonzero sequences in Gð f ðxÞ; pÞ are
all m sequences by the theory of m sequences in [5]. By Deﬁnition 2, we know
%
0a
%
a0AGð f ðxÞ; pÞ is an m sequence over GFðpÞ: From the deﬁnition of he1ðxÞ in (1),
we know he1ðxÞc0ðmod pÞ and 0pdeg he1ðxÞodeg f ðxÞ; which implies that
he1ðxÞðmod pÞ is coprime with f ðxÞðmod pÞ over GFðpÞ: So
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ is
also a nonzero sequence in Gð f ðxÞ; pÞ; which is also an m sequence over GFðpÞ: &
Lemma 2 (Lidl and Niederreiter [5]). Let f ðxÞ be a primitive polynomial of degree n
over prime field GFðpÞ and
%
aAGð f ðxÞ; pÞ is an m sequence, then the numbers of 0 and
any nonzero element dAf1; 2;y; p  1g in a period (¼ pn  1) of
%
a are pn1  1 and
pn1 individually. Furthermore, the number of nonzero elements in a period of
%
a is
pn1 	 ðp  1Þ:
Proposition 2. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ with odd
prime p and eX2: Let
%
aAGð f ðxÞ; peÞ be a primitive sequence and
%
a ¼
he1ðxÞ
%
a0 ðmod pÞ where he1ðxÞ is defined by (1). Then we have
aðt þ pe1T=2Þ  aðtÞðmod peÞ; tX0; ð2Þ
ae1ðt þ j 	 pe2TÞ  ae1ðtÞ þ j 	 aðtÞðmod pÞ; j ¼ 0; 1;y; p  1; tX0; ð3Þ
where T ¼ pn  1 is the period of
%
aðmod pÞ and f ðxÞðmod pÞ:
Proof. Since p is an odd prime, 2 j T ¼ pn  1: As f ðxÞ is a primitive polynomial of
degree n over Z=ðpeÞ; we know perð f ðxÞ; peÞ ¼ pe1ðpn  1Þ ¼ pe1T ; which implies
that
f ðxÞ j ðxpe1T  1Þ ¼ ðxpe1T=2 þ 1Þðxpe1T=2  1Þ
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over Z=ðpeÞ: On the other hand, since f ðxÞðmod pÞ is a primitive polynomial over
GFðpÞ; perð f ðxÞðmod pÞ; pÞ ¼ pn  1 ¼ T ; which implies that f ðxÞðmod pÞ divides
xT  1 ¼ ðxT=2 þ 1ÞðxT=2  1Þ; but not divide xT=2  1 over GFðpÞ: Then we know
xT=2 þ 1 is a multiple of f ðxÞðmod pÞ over GFðpÞ: Here
xp
e1T=2 þ 1  xT=2 þ 1ðmod pÞ;
xp
e1T=2  1  xT=2  1ðmod pÞ
and xT=2 þ 1 and xT=2  1 are coprime with each other over GFðpÞ: By
Hensel lemma [1, pp. 572–575], we know f ðxÞ j ðxpe1T=2 þ 1Þ over Z=ðpeÞ: That is
to say,
xp
e1T=2  1ðmod f ðxÞ; peÞ:
Acting it on the sequence
%
aAGð f ðxÞ; peÞ; we have
xp
e1T=2 	
%
a  
%
aðmod f ðxÞ; peÞ:
So (2) is right.
By relation (1), we have
xp
e2T  1þ pe1he1ðxÞðmod f ðxÞ; peÞ;
which implies that x j	p
e2T  1þ j 	 pe1he1ðxÞ þ
P j
i¼2C
i
j 	 ðpe1he1ðxÞÞi
ðmod f ðxÞ; peÞ for j ¼ 1; 2;y; p  1: So we have
x j	p
e2T  1  j 	 pe1he1ðxÞðmod f ðxÞ; peÞ:
Acting it on the sequence
%
a ¼
%
a0 þ
%
a1 	 p þ?þ
%
ae1 	 pe1AGð f ðxÞ; peÞ; we have
ðx j	pe2T  1Þ
%
a  j 	 pe1he1ðxÞ 	
%
a  pe1 	 j 	 he1ðxÞ
%
a0ðmod peÞ: ð4Þ
In addition, since
%
aAGð f ðxÞ; peÞ is a primitive sequence, perð
%
amod pe1Þ ¼ pe2T
and j 	 pe2T is a multiple of perð
%
amod pe1Þ; which implies that ðx j	pe2T  1Þð
%
a0 þ
%
a1 	 p þ?þ
%
ae2 	 pe2Þ ¼
%
0: So we have
ðx j	pe2T  1Þ
%
a  ðx j	pe2T  1Þð
%
ae1 	 pe1Þ  pe1 	 ðx j	pe2T  1Þ
%
ae1ðmod peÞ: ð5Þ
Combining (4) with (5), we have pe1 	 ðx j	pe2T  1Þ
%
ae1 ¼ pe1 	 j 	
he1ðxÞ
%
a0ðmod peÞ: That is to say
ðx j	pe2T  1Þ
%
ae1 ¼ j 	 he1ðxÞ
%
a0ðmod pÞ; j ¼ 1; 2;y; p  1:
and (3) is right. &
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Proposition 3. Let f ðxÞ be a primitive polynomial of degree n over finite field GFðpÞ
with odd prime p: Let T ¼ pn  1 and
%
bAGð f ðxÞ; pÞ be an m sequence, then bðs þ
T=2Þ ¼ bðsÞ for any integer s with sX0:
Proof. Because f ðxÞ is a primitive polynomial of degree n over ﬁnite ﬁeld GFðpÞ with
odd prime p; we know perð f ðxÞ; pÞ ¼ T ¼ pn  1; which implies that xT 
1ðmod f ðxÞÞ and xT=2  dc1ðmod f ðxÞÞ: Then d2  1ðmod f ðxÞÞ and d ¼ 1: So
xT=2  1ðmod f ðxÞÞ and xT=2 	
%
b ¼ 
%
b; which implies that bðs þ T=2Þ ¼ bðsÞ for
any integer s with sX0: &
Proposition 4. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ with odd
prime p and eX2: Let
%
aAGð f ðxÞ; peÞ be a primitive sequence, then
Nð
%
ae1; dÞXðp  1Þ 	 pnþe3;
where Nð
%
ae1; dÞ is the number of element d in a period of
%
ae1 and dAf0; 1;y; p  1g:
And the frequency of d in
%
ae1 is
Fð
%
ae1; dÞ ¼
Nð
%
ae1; dÞ
pe1ðpn  1ÞX
pn1  pn2
pn  1 4
p  1
p2
: ð6Þ
Furthermore, for dAf1; 2;y; p  1g and
%
0a
%
bAGð f ðxÞ; peÞ; we also have
Fð
%
be1; dÞ4
p  1
p2
: ð7Þ
Proof. Let T ¼ pn  1 and
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ where he1ðxÞ is deﬁned by (1).
And by Lemma 1, we know
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ is an m sequence in Gð f ðxÞ; pÞ:
By (3) in Proposition 2, for any integer t; 0ptope2 	 T ; if aðtÞa0; then
fae1ðt þ j 	 pe2TÞ j j ¼ 0; 1;y; p  1g ¼ f0; 1;y; p  1g:
As t and j run through f0; 1;y; pe2T  1g and f0; 1;y; p  1g individually,
ae1ðt þ j 	 pe2TÞ also runs through a period (¼ pe1T) of
%
ae1: By Lemma 2, we
know that the number of nonzero elements in a period (¼ T ¼ pn  1) of
%
a is
pn1ðp  1Þ: Thus for any element dAf0; 1;y; p  1g; we have
Nð
%
ae1; dÞXpe2 	 pn1ðp  1Þ ¼ ðp  1Þ 	 pnþe3:
Furthermore, by Fð
%
ae1; dÞ ¼ Nð%ae1;dÞpe1ðpn1Þ; (7) is also right.
Let
%
cAGð f ðxÞ; pevÞ such that
%
b ¼ pv 	
%
c with
%
cc
%
0ðmod pÞ and vX0: Clearly
%
cev1 ¼
%
be1: By Deﬁnition 2, we know that
%
c is a primitive sequence in
Gð f ðxÞ; pevÞ: If e  vX2; we can get Fð
%
cev1; dÞ4
p  1
p2
: If e  v ¼ 1; then
%
cev1 ¼
%
c0 is a nonzero sequence in Gð f ðxÞ; pÞ; which is an m sequence over GFðpÞ: By
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Lemma 2, we know that the number of a nonzero element d in a period
(¼ T ¼ pn  1) of
%
cev1 is pn1; which implies that Fð
%
cev1; dÞ ¼ p
n1
pn14
p1
p2
: So
Fð
%
be1; dÞ ¼ Fð
%
cev1; dÞ4p1p2 : &
3. Uniqueness of the distribution of zeroes of level sequence
Lemma 3. Let f ðxÞ be a primitive polynomial of degree n over prime field GFðpÞ; and
%
a;
%
bAGð f ðxÞ; pÞ are two m sequences, then
1. If gðxÞ is a polynomial over GFðpÞ; which is coprime with f ðxÞ; then
%
a and
%
b are of
same 0 if and only if gðxÞ
%
a and gðxÞ
%
b are of same 0:
2. Sequences
%
a and
%
b are of same 0 if and only if there exists 0alAGFðpÞ; such that
%
a ¼ l 	
%
b:
Proof. The results in the case of n ¼ 1 are obvious. Now suppose nX2:
Because f ðxÞ is a primitive polynomial of degree n over GFðpÞ; perð f ðxÞ; pÞ ¼
pn  1 and frðxÞAGFðpÞ½x j 0pdeg rðxÞong ¼ fxkðmod f ðxÞÞ j k ¼ 0; 1;y; pn  2g:
And since gðxÞ is coprime with f ðxÞ; gðxÞðmod f ðxÞÞAfrðxÞAGFðpÞ½x j 0p
deg rðxÞong: So there exists an integer k; s.t. xk  gðxÞðmod f ðxÞÞ: (For short, we
use ‘‘s.t.’’ instead of saying ‘‘such that’’ in the following.) It is clear that
%
a and
%
b are
of same 0 if and only if xk
%
a and xk
%
b are of same 0; so the ﬁrst statement of this
Lemma is right.
Since
%
aAGð f ðxÞ; pÞ is an m sequence, by the theory of m sequences over GFðpÞ in
[5], we know that there exists an integer k; 0pkopn  1; s.t. xk
%
a ¼ ð0;y0|ﬄﬄ{zﬄﬄ}
n1
; a;yÞ
with aa0: If
%
a and
%
b are of same 0; then xk
%
b ¼ ð0;y0|ﬄﬄ{zﬄﬄ}
n1
; b;yÞ with ba0: Let l ¼
ab1; then la0 and a ¼ lb: Because the sequence in Gð f ðxÞ; pÞ is uniquely
determined by its initial state (the ﬁrst n elements of a sequence), we get xk
%
a ¼
l 	 xk
%
b: Thus
%
a ¼ l 	
%
b and the necessary condition of the second statement is right.
The sufﬁcient condition is obvious. &
Lemma 4. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ; eX2: Let
%
bAGð f ðxÞ; peÞ is a primitive sequence and
%
b ¼ he1ðxÞ
%
b0 ðmod pÞ where he1ðxÞ is
defined by (1). Then there exists an integer s; 0psope1ðpn  1Þ; s.t. bðsÞa0;
bðsÞc0 ðmod pe1Þ and be1ðsÞ ¼ 0:
Proof. Let T ¼ pn  1: By Lemma 1,
%
b0 and
%
b ¼ he1ðxÞ
%
b0 ðmod pÞ are both m
sequences in Gð f ðxÞ; pÞ: By the theory of m sequences over GFðpÞ in [5], there exists
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an integer s0; 0ps0oT ; s.t. bðs0Þa0 and b0ðs0Þa0: Furthermore bðs0Þðmod pe1Þ is
also nonzero.
As bðs0Þa0; by (3) in Proposition 2, we have
fbe1ðs0 þ j 	 pe2TÞ j j ¼ 0; 1;y; p  1g ¼ f0; 1;y; p  1g:
Let s ¼ s0 þ j0 	 pe2T ; s.t. be1ðsÞ ¼ 0; where 0pj0pp  1: The periods of
%
b ¼
he1ðxÞ
%
b0ðmod pÞ and
%
bðmod pe1Þ both divide pe2T ; so
bðsÞ ¼ bðs0Þ; bðsÞðmod pe1Þ ¼ bðs0Þðmod pe1Þ:
By bðs0Þa0 and bðs0Þc0ðmod pe1Þ; we have bðsÞa0 and bðsÞc0ðmod pe1Þ: Thus s
is the integer needed. &
Theorem 3. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ; with odd prime
p and eX2: Let
%
a;
%
bAGð f ðxÞ; peÞ be primitive sequences. If
%
ae1 and
%
be1 are of same 0;
then
%
a0 ¼
%
b0:
Proof. Firstly, we will show that
%
a0 and
%
b0 are of same 0: By Lemma 1, we know
%
a0
and
%
b0 are both m sequences in Gð f ðxÞ; pÞ: If
%
a0 and
%
b0 are not of same 0; by Lemma
3,
%
a ¼ he1ðxÞ
%
a0ðmod pÞ and
%
b ¼ he1ðxÞ
%
b0ðmod pÞ are also not of same 0; where
he1ðxÞ is deﬁned by (1) and is coprime with f ðxÞ over GFðpÞ: So there is an integer s
with aðsÞ ¼ 0; bðsÞ ¼ da0:
Let T ¼ pn  1: For j ¼ 0; 1;y; p  1; by (3) in Proposition 2, we have
ae1ðs þ j 	 pe2TÞ  ae1ðsÞ þ j 	 aðsÞ  ae1ðsÞðmod pÞ;
be1ðs þ j 	 pe2TÞ  be1ðsÞ þ j 	 bðsÞ  be1ðsÞ þ jdðmod pÞ:
As bðsÞ ¼ da0; there exists an integer j0; 0pj0pp  1; s.t. fae1ðs þ j0 	
pe2TÞ; be1ðs þ j0 	 pe2TÞg ¼ f0; zg; where z is a nonzero element in GFðpÞ; which
is in contradiction with the condition that
%
ae1 and
%
be1 are of same 0: So
%
a0 and
%
b0
are of same 0:
Now we are going to show
%
a0 ¼
%
b0: Suppose
%
a0a
%
b0: Because both
%
a0 and
%
b0 are m
sequences in Gð f ðxÞ; pÞ; and are of same 0 , by Lemma 3, there exists
lAf2; 3;y; p  1g; s.t.
%
a0  l 	
%
b0 ðmod pÞ: Then he1ðxÞ
%
a0  l 	 he1ðxÞ
%
b0ðmod pÞ;
that is
%
a  l 	
%
bðmod pÞ; ð8Þ
where l is an integer in f2; 3;y; p  1g since
%
a0a
%
b0:
For any integer t; if aðtÞa0; then ae1ðtÞ  l 	 be1ðtÞðmod pÞ; that is
aðtÞa0 ) ae1ðtÞ  l 	 be1ðtÞðmod pÞ: ð9Þ
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(By (3) in Proposition 2, there exists j; 0pjpp  1; s.t. ae1ðt þ j 	 pe2TÞ 
ae1ðtÞ þ j 	 aðtÞ  0ðmod pÞ: And since
%
ae1 and
%
be1 are of same 0; we can get
be1ðt þ j 	 pe2TÞ  be1ðtÞ þ j 	 bðtÞ  0ðmod pÞ: So ae1ðtÞ  j 	 aðtÞðmod pÞ;
be1ðtÞ  j 	 bðtÞðmod pÞ: And by (8), we have aðtÞ  l 	 bðtÞðmod pÞ: So
ae1ðtÞ  l 	 be1ðtÞðmod pÞ:)
By Lemma 4, there exists an integer s; 0psope1T ; s.t.
bðsÞa0; bðsÞc0ðmod pe1Þ; be1ðsÞ ¼ 0:
So we have aðsÞ  l 	 bðsÞc0ðmod pÞ by (8). As p is an odd prime, by (2) in
Proposition 2, bðs þ pe1T=2Þ  pe  bðsÞðmod peÞ: And since bðsÞc0ðmod pe1Þ; we
have
be1ðs þ pe1T=2Þ ¼ p  1 be1ðsÞ ¼ p  1: ð10Þ
Case 1: aðsÞc0ðmod pe1Þ: By(9), we have ae1ðsÞ  l 	 be1ðsÞ  0ðmod pÞ
because aðsÞa0 and be1ðsÞ ¼ 0: Similar to (10), we can get ae1ðs þ pe1T=2Þ ¼
p  1: So we have
ae1ðs þ pe1T=2Þ ¼ be1ðs þ pe1T=2Þa0: ð11Þ
On the other hand, because the period of
%
b ¼ he1ðxÞ
%
b0ðmod pÞ is T and p is an odd
prime, bðs þ pe1T=2Þ ¼ bðs þ T=2Þ: And by Proposition 3, bðs þ T=2Þ 
bðsÞc0ðmod pÞ since bðsÞc0ðmod pÞ: So aðs þ pe1T=2Þ  l 	 bðs þ
pe1T=2Þc0ðmod pÞ by (8). By (9), we know ae1ðs þ pe1T=2Þ  l 	 be1ðs þ
pe1T=2Þðmod pÞ with 2plpp  1; which is in contradiction to (11) since
%
ae1
and
%
be1 are both sequences over f0; 1;y; p  1g:
Case 2: aðsÞ  0ðmod pe1Þ: Because
%
aAGð f ðxÞ; peÞ be a primitive sequence, by (2)
in Proposition 2, we have
aðs þ pe1T=2Þ  pe  aðsÞðmod peÞ: ð12Þ
Furthermore, we can get aðs þ pe1T=2Þ  aðsÞðmod pe1Þ and aðs þ pe1T=2Þ 
0ðmod pe1Þ since aðsÞ  0ðmod pe1Þ: So we have
aðs þ pe1T=2Þ  aðsÞ  0ðmod pe1Þ: ð13Þ
From (12) and (13), we can get
ae1ðs þ pe1T=2Þ  ae1ðsÞðmod pÞ:
By (9), we have ae1ðsÞ  l 	 be1ðsÞ  0ðmod pÞ since aðsÞ  l 	 bðsÞc0ðmod pÞ and
be1ðsÞ ¼ 0: Thus ae1ðs þ pe1T=2Þ  ae1ðsÞ  0ðmod pÞ: Then we have ae1ðs þ
pe1T=2Þ ¼ 0 since
%
ae1 is a sequence over f0; 1;y; p  1g: On the other hand, we
know be1ðs þ pe1T=2Þ ¼ p  1 by (10). So
%
ae1 and
%
be1 are not of same 0; which is
in contradiction with the condition of this theorem.
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So
%
a0a
%
b0 is impossible and the result is right. &
Corollary 3. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ; with odd
prime p and eX2: Let
%
a;
%
bAGð f ðxÞ; peÞ be primitive sequences, then
%
ai and
%
bk are not of
same 0 for 0pkoipe  1:
Proof. Let
%
c ¼ pr 	
%
a with r ¼ i  kX1; then
%
c0 ¼
%
0: Suppose that
%
ai and
%
bk are of
same 0; then
%
ai and
%
ci are also of same 0: Let
%
a ¼ hiðxÞ
%
a0ðmod pÞ; where hiðxÞ is
deﬁned by (1). By (3) in Proposition 2, we have
aiðt þ j 	 pi1TÞ  aiðtÞ þ j 	 aðtÞðmod pÞ; j ¼ 0; 1;y; p  1; tX0: ð14Þ
On the other hand, because
%
c0 ¼
%
0; we have perð
%
ciÞ j pi1T and
ciðt þ j 	 pi1TÞ ¼ ciðtÞ; j ¼ 0; 1;y; p  1; tX0: ð15Þ
By Lemma 1, we know
%
a ¼ he1ðxÞ
%
a0ðmod pÞ is an m sequence in Gð f ðxÞ; pÞ: Let
t0 be an integer with aðt0Þa0 and 0pt0opi1T ; we know that faiðt0 þ j 	 pi1TÞ j j ¼
0; 1;y; p  1g ¼ f0; 1;y; p  1g has only one zero element by (14). However, the
elements in the set of fciðt0 þ j 	 pi1TÞ j j ¼ 0; 1;y; p  1g are all nonzero elements
or all zero elements by (15), which is in contradiction with that
%
ai and
%
ci are also of
same 0: Thus the result is right. &
Lemma 5. Let f ðxÞ be a primitive polynomial over Z=ðpeÞ; eX2 and
%
a;
%
bAGð f ðxÞ; peÞ
be primitive sequences. If
%
a ¼
%
bðmod pe1Þ; then
%
be1 
%
ae1 þ
%
mðmod pÞ; where
%
mAGð f ðxÞ; pÞ:
Proof. Firstly, we know
%
b 
%
aðmod peÞAGð f ðxÞ; peÞ by
%
a;
%
bAGð f ðxÞ; peÞ: If
%
a 
%
bðmod pe1Þ; then
%
b 
%
a  pe1 	 ð
%
be1 
%
ae1Þðmod peÞ: So
%
m  ð
%
be1 
%
ae1Þðmod pÞAGð f ðxÞ; pÞ and the result is right. &
Lemma 6. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ with odd prime p
and eX2: Let
%
a;
%
bAGð f ðxÞ; peÞ be primitive sequences, s.t.
%
a ¼
%
bðmod pe1Þ: If
%
ae1
and
%
be1 are of same 0; then
%
ae1 ¼
%
be1:
Proof. By Lemma 5, we have
%
be1 
%
ae1 þ
%
mðmod pÞ; where
%
mAGð f ðxÞ; pÞ:
Suppose
%
ae1a
%
be1; then we can get
%
ma
%
0; which implies
%
m is an m sequence in
Gð f ðxÞ; pÞ:
Let T ¼ pn  1; which is the period of the m sequence in Gð f ðxÞ; pÞ: Let
%
a ¼
he1ðxÞ
%
a0 ðmod pÞ where he1ðxÞ is deﬁned by (1). By Lemma 1, we know
%
a0 and
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ are both m sequences in Gð f ðxÞ; pÞ: By the theory of m
sequences over GFðpÞ in [5], there exists an integer t0; 0pt0oT ; s.t. aðt0Þ ¼ da0 and
mðt0Þ ¼ ra0:
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By (3) in Proposition 2, we can get
ae1ðt0 þ j 	 pe2TÞ  ae1ðt0Þ þ j 	 aðt0Þðmod pÞ; j ¼ 0; 1;y; p  1:
Furthermore, since
%
be1 
%
ae1 þ
%
mðmod pÞ and perð
%
mÞ ¼ T ;
be1ðt0 þ j 	 pe2TÞ  ae1ðt0Þ þ j 	 aðt0Þ þ mðt0Þðmod pÞ; j ¼ 0; 1;y; p  1:
Because aðt0Þ ¼ da0; there exists an integer j0; 0pj0pp  1; s.t. ae1ðt0Þ þ j0 	
aðt0Þ  0ðmod pÞ: Then ae1ðt0Þ þ j0 	 aðt0Þ þ mðt0Þ  mðt0Þ  ra0ðmod pÞ and we
know
%
ae1 and
%
be1 are not of same 0; which is in contradiction to the condition of
this Lemma. Thus
%
ae1a
%
be1 is impossible and the result is right. &
Theorem 4. Let f ðxÞ be a primitive polynomial of degree n over Z=ðpeÞ; pX5 and eX2:
Let
%
a;
%
bAGð f ðxÞ; peÞ be primitive sequences. If
%
ae1 and
%
be1 are of same 0; then
%
a ¼
%
b:
Proof. By Theorem 1, it sufﬁces to prove that
%
ae1 ¼
%
be1:
By Theorem 3, we know
%
a0 ¼
%
b0: So we can set
%
a ¼ he1ðxÞ
%
a0ðmod pÞ ¼
he1ðxÞ
%
b0ðmod pÞ; where he1ðxÞ is deﬁned by (1). By Lemma 1, we know
%
a0 and
a ¼ he1ðxÞ
%
a0 ðmod pÞ are both m sequences in Gð f ðxÞ; pÞ:
If e ¼ 2; then
%
a0 ¼
%
b0 implies that
%
a ¼
%
bðmod pe1Þ: So we can get
%
ae1 ¼
%
be1 by
Lemma 6. In the following we suppose eX3:
Let
%
r ¼
%
a 
%
bðmod peÞ; then
%
r
e1  %ae1  %be1 þ %dðmod pÞ; where %d ¼ ðdðtÞÞtX0
with
dðtÞ ¼ 0 aðtÞðmod p
e1ÞXbðtÞðmod pe1Þ;
1 aðtÞðmod pe1ÞobðtÞðmod pe1Þ:

ð16Þ
Similar to the case in Proposition 4, denoted by Fð
%
a; 0Þ the frequency of element 0 in
the sequence
%
a; Fð
%
r
e1; iÞ the frequency of element i in the sequence
%
r
e1; and
Fðae1ðtÞabe1ðtÞÞ the frequency of nonzero elements in the sequence
(
%
ae1 
%
be1Þðmod pÞ:
Because
%
a ¼ he1ðxÞ
%
a0ðmod pÞ ¼ he1ðxÞ
%
b0ðmod pÞ; by (3) in Proposition 2, for
any t; 0ptope1T ; where T ¼ pn  1; we have
ae1ðt þ j 	 pe2TÞ  ae1ðtÞ þ j 	 aðtÞðmod pÞ; j ¼ 0; 1;y; p  1;
be1ðt þ j 	 pe2TÞ  be1ðtÞ þ j 	 aðtÞðmod pÞ; j ¼ 0; 1;y; p  1
and can conclude that if ae1ðtÞabe1ðtÞ; then aðtÞ ¼ 0; that is
ae1ðtÞabe1ðtÞ ) aðtÞ ¼ 0: ð17Þ
(Suppose aðtÞ ¼ oa0; then we have ae1ðt þ j0 	 pe2TÞ  ae1ðtÞ þ j0 	 aðtÞ 
0ðmod pÞ; where j0 ¼ ae1ðtÞ 	 o1ðmod pÞ: However, be1ðt þ j0 	 pe2TÞ 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be1ðtÞ þ j0 	 aðtÞ  be1ðtÞ  ae1ðtÞc0ðmod pÞ; which is in contradiction with the
condition of
%
ae1 and
%
be1 are of same 0: Then aðtÞ ¼ 0:)
By (17), we have Fðae1ðtÞabe1ðtÞÞpFð
%
a; 0Þ: With the deﬁnition of dðtÞ in (16),
we know dðtÞAf0;1 ¼ p  1g when 0ptope1T : Furthermore, from
%
r
e1 ¼ %ae1 
%
be1 þ
%
dðmod pÞ; we can get ae1ðtÞabe1ðtÞ if 1p
%
r
e1ðtÞpp  2: SoPp2
i¼1 Fð
%
r
e1; iÞpFðae1ðtÞabe1ðtÞÞ and
Xp2
i¼1
Fð
%
r
e1; iÞpFð%a; 0Þ: ð18Þ
By Lemma 2, we know that the number of zero element in a period (¼ T ¼ pn  1)
of
%
a is pn1  1; which implies that Fð
%
a; 0Þ ¼ pn11
pn1 o1p: If %ae1a%be1; we have %
r ¼
%
a 
%
ba
%
0ðmod peÞ by Theorem 1. And by (7) in Proposition 4, for any integer i;
1pipp  2; we have Fð
%
r
e1; iÞ4p1p2 and
Pp2
i¼1 Fð
%
r
e1; iÞ4ðp  2Þ 	 p1p2 : Since pX5;
we can get
Pp2
i¼1 Fð
%
r
e1; iÞ41p4Fð%a; 0Þ; which is in contradiction to (18). So
%
ae1 ¼
%
be1: &
Proof of Theorem 2. Let
%
a ¼ pu 	
%
a and
%
b ¼ pv 	
%
b; where
%
ac
%
0ðmod pÞ;
%
bc
%
0ðmod pÞ
and u; vX0: It is clear that
%
ae1 ¼
%
aeu1;
%
be1 ¼
%
b
ev1:
And since
%
ac0ðmod pe1Þ; we know uoe  1 and e  u  1X1: By Deﬁnition 2,
%
aAGð f ðxÞ; peuÞ and
%
bAGð f ðxÞ; pevÞ are primitive sequences since
%
ac
%
0ðmod pÞ
and
%
bc
%
0ðmod pÞ:
Firstly, we can get u ¼ v: If uav; then e  u  1ae  v  1: And since e  u 
1X1; by Corollary 3 of Proposition 4, we know
%
aeu1 and
%
b
ev1 are not of same 0:
So
%
ae1 and
%
be1 are not of same 0; which is in contradiction to the condition of this
theorem.
Since u ¼ v; we know
%
ae1 ¼
%
aeu1;
%
be1 ¼
%
b
eu1
and
%
a;
%
bAGð f ðxÞ; peuÞ are primitive sequences. With the condition that
%
ae1 and
%
be1 are of same 0; we know that
%
aeu1 and
%
b
eu1 are also of same 0: Then we can
get
%
aeu1 ¼
%
b
eu1 by Theorem 4 since e  uX2: That is to say %a ¼ %b: &
Remark 2. In fact, we only use the condition of ‘‘ae1ðtÞ ¼ 0 if and only if be1ðtÞ ¼
0 for all tX0 with aðtÞa0’’ in all proofs in this paper, that is to say we have proved a
stronger result than Theorem 2, that is
‘‘Let f ðxÞ be a primitive polynomial over Z=ðpeÞ with pX5 and eX2: Let
%
a;
%
bAGð f ðxÞ; peÞ and
%
a ¼ he1ðxÞ
%
a0 ðmod pÞ where he1ðxÞ is deﬁned by (1) and
%
a is a
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primitive sequence. If ae1ðtÞ ¼ 0 if and only if be1ðtÞ ¼ 0 for all tX0 with aðtÞa0;
then
%
a ¼
%
b:’’
Appendix A. The proof of Proposition 1
Suppose
%
aAGð f ðxÞ; peÞ is a primitive sequence. Clearly, we have
perð
%
ae1Þ j perð
%
aÞ j perð f ðxÞ; peÞ ¼ pe1ðpn  1Þ ¼ pe1T : ðA:1Þ
Firstly, from (1), we have
xp
e2T  1þ pe1he1ðxÞðmod f ðxÞ; peÞ:
And by acting it on the primitive sequence
%
a; we can get
ðxpe2T  1Þ
%
ae1 ¼ he1ðxÞ
%
a0ðmod pÞ: ðA:2Þ
Since
%
aAGð f ðxÞ; peÞ is a primitive sequence, by Lemma 1, we know that
%
a ¼
he1ðxÞ
%
a0 ðmod pÞ is an m sequence in Gð f ðxÞ; pÞ; whose minimal polynomial over
Z=ðpÞ is f ðxÞðmod pÞ: From (A.2), we know that f ðxÞðmod pÞ is a factor of
mð
%
ae1; pÞ; (see [5]), the minimal polynomial of
%
ae1 over Z=ðpÞ; which implies that
T ¼ perð f ðxÞ; pÞ j perð
%
ae1Þ ¼ perðmð
%
ae1; pÞ; pÞ:
On the other hand, since p is a prime which is coprime with T ¼ pn  1; by
combining (A.1) with (A.2), we know that pe1 j perð
%
ae1Þ: Thus pe1T j perð
%
ae1Þ:
And since (A.1), we can get
perð
%
ae1Þ ¼ perð
%
aÞ ¼ perð f ðxÞ; peÞ ¼ pe1T :
Let
%
bAGð f ðxÞ; peÞ be a primitive sequence such that
%
a ¼ pv
%
b with vX0 be an
integer. Clearly
%
ae1 ¼
%
bev1 and perð
%
aÞ ¼ perð
%
bmod pevÞ: Here
%
bðmod pevÞ can be
considered as a primitive sequence in Gð f ðxÞ; pevÞ: From the above discussion, we
know that perð
%
bev1Þ ¼ perð
%
bmod pevÞ ¼ perð f ðxÞ; pevÞ ¼ pev1T : Thus
perð
%
ae1Þ ¼ perð
%
aÞ ¼ perð f ðxÞ; pevÞ ¼ pv 	 perð f ðxÞ; peÞ ¼ pe1vT :
The other statements in the proposition are obvious from the above process.
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